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Abstract

This paper delves into the mathematical intricacies and physical interpretations

-CC%’ = (mv)- ‘fi—‘t’, and its potential appli-

of the Stoke equation, defined as Stoke = p
cations to a diverse range of complex physical phenomena. We rigorously examine
its implications in black hole dynamics, including event horizon behavior and sin-
gularity analysis, Hawking radiation through a quantum operator formalism, dark
matter distribution in galaxies using statistical averaging, and the accelerating ex-
pansion of the universe driven by dark energy within the framework of Friedmann
cosmology. The analysis incorporates advanced mathematical formulations, includ-
ing relativistic mechanics, quantum field theory in curved spacetime, and statistical
methods, to rigorously examine energy transfer, particle interactions, and gravita-
tional dynamics within these extreme environments. This work aims to establish

Stoke as a novel analytical tool, bridging classical mechanics with modern physics

and potentially offering new insights into these challenging areas.


https://creativecommons.org/licenses/by/4.0/

Stoke Theory Application in Modern Physics

1 Introduction

The Stoke equation, a relationship posited to connect an object’s momentum and its
acceleration, presents a unique perspective on motion and energy transfer. While its
foundation lies in classical mechanics, this paper ventures beyond traditional applications
to explore its relevance in some of the most perplexing and fascinating areas of modern
physics.

The core idea is to examine how Stoke, defined as the dot product of momentum and
its rate of change, manifests in scenarios where classical intuition often falls short. This
exploration encompasses black hole dynamics, where extreme gravity and relativistic ef-
fects dominate; Hawking radiation, a semi-classical phenomenon at the intersection of
quantum mechanics and general relativity; dark matter, the enigmatic substance shaping
galactic structures; and dark energy, the mysterious force driving the accelerating expan-
sion of the universe. By delving into these topics, we aim to not only test the boundaries
of the Stoke equation but also to potentially uncover novel connections between these
seemingly disparate fields. The journey involves navigating the complexities of relativis-
tic mechanics, quantum field theory, and cosmology, pushing the limits of our current

understanding.
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2 Theoretical Framework: The Relativistic Stoke Equa-
tion

To extend the applicability of the Stoke equation to the extreme conditions encountered
in modern physics, a relativistic formulation becomes necessary. This is particularly true
when dealing with phenomena occurring in strong gravitational fields or involving objects
moving at speeds approaching the speed of light. In such regimes, the classical definitions
of momentum and acceleration are no longer adequate, and the framework of Einstein’s
theory of relativity must be employed.

Within the context of special and general relativity, the concept of momentum is
generalized to the four-momentum, denoted as P*. For a particle with rest mass my,

the four-momentum is given by P* = (E/c,p), where E is the energy, p is the three-

momentum, and c is the speed of light. Alternatively, using the four-velocity U* = %,
where X* are the spacetime coordinates and 7 is the proper time, we have P* = myU*".

2

The four-velocity satisfies the normalization condition U*U, = —c* (using the metric

signature — + ++).

Similarly, the acceleration is extended to the four-acceleration, A* = %, where

D/dr is the covariant derivative along the particle’s worldline. In a coordinate basis, this

dU: + T, U"U?, where I', are the Christoffel symbols, representing

is expressed as A! = %

the effects of the curved spacetime geometry.
The relativistic generalization of the Stoke equation can be proposed by taking the

inner product of the four-momentum with the four-acceleration:

DU dU
Stoke,e = P*A, = (moU") ( “) = moU* (d—“ - Ff;VU”U,\) . (1)

dr T

Alternatively, using the covariant derivative of the four-momentum, we can define a Stoke
4-vector:

Stoke* = P'V,P* = P” (9,P" + Tt P*). (2)

The scalar version Stoke,q = P"A, provides a Lorentz-invariant measure of the rela-
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tionship between relativistic momentum and acceleration. Let’s explore the relationship

between these two formulations.

PVVVPN = mOU”VZ,(mOU“)

— maU” (9,U" + T U™)

du*
= m3? +malt U U

v

aur
= My (m()? + TTL()FZ)\UVU)\)

I

=My Acoord

where A*

oord = mo% +mol¥, U”U* is related to the four-force. The scalar product with

U, gives:

U, (P"V, P") = myU, A"

DU*
= ol (7)

1d
= (TR
m02 dT(U U”)
=m0y ()

=0

This indicates that the four-velocity and the four-acceleration are orthogonal in relativis-
tic kinematics. Therefore, the scalar relativistic Stoke defined as P* A, is identically zero.
This suggests that the vector form Stoke* = P¥V, P* might be more informative for our
analysis.

In the context of special relativity (flat Minkowski spacetime, I'¥', = 0), the Stoke

4-vector simplifies to:

Stoke! = PV, P" = moU"0,(moU") = maU"

= =mi—— = moAL,.
ox” Mo dr Ozv \ dr o dr? MoLisr
(3)

Here, A%y is the four-acceleration in special relativity. The spatial components of this

ouH ,dz” 0 (dx“) A2zt
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vector are related to the classical Stoke concept.
In general relativity, the covariant derivative accounts for the curvature of spacetime,

making the vector form Stoket = P"V, P* the appropriate generalization.
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3 Stoke in Black Hole Dynamics

Black holes represent cosmic regions where mass is concentrated so densely that gravity
becomes incredibly intense, preventing anything, not even light, from escaping beyond a
certain boundary known as the event horizon. These enigmatic objects are at the forefront
of modern physics, serving as natural laboratories where the principles of general relativity
manifest in their most extreme form and where the interplay with quantum mechanics
becomes unavoidable. Understanding the dynamics of matter and spacetime around black
holes is crucial for advancing our knowledge of gravity and the fundamental structure of

the universe.

3.1 Event Horizon Dynamics

The event horizon of a non-rotating (Schwarzschild) black hole is located at the Schwarzschild

radius, Ry = szM , where (G is the gravitational constant and M is the mass of the black

hole. The spacetime metric outside the event horizon is given by the Schwarzschild metric

in spherical coordinates (¢,7,0, ¢):

-1
ds® = — (1 - %) Adt? + (1 - %) dr® + r*d6* + r* sin® 0d¢”. (4)

Consider a test particle of mass mg falling radially into the black hole. The four-velocity

of the particle can be derived from the geodesic equation:

dU#
dr

+ T UU = 0. (5)

Due to the spherical symmetry, we can consider motion in the equatorial plane (§ = /2,
U? = 0). For a radially infalling particle with zero angular momentum, the conserved
quantities are the energy per unit mass, e = (1—R/r) j—i, and the normalization condition
UrU, = —c®. These lead to the radial component of the four-velocity:

(dr)2:@+02(62/02—1). (6)

i) =
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For a particle starting from rest at infinity, e = ¢, so (g—:)z — €Bs  The four-momentum is

r

Pt = myU". To compute the Stoke 4-vector Stoke! = PV, P*, we need the Christoffel

symbols for the Schwarzschild metric. These are non-zero and depend on r. For example:

Iy =Th = ﬁ
P - Ry (27;3— Ry)
R,
b = 2r(r — Ry)
oo = —(r — Ry)
I, =—(r— R,)sin*0
R

sz = —cosfsind

1
r? =1r¢ ==
ro or r

F& = Fje = cotf

The components of the Stoke 4-vector will involve terms like P*V,P" = (moU")(0,P" +
I, P'+T P"+...). Due to the complexity of the Christoffel symbols and the four-velocity
components, a full analytical expression for Stoke! near the event horizon (r — Ry) is
intricate. However, we can analyze the behavior qualitatively. As the particle approaches
the event horizon, its radial velocity |dr/dr| increases, and the time component of the
four-velocity U* = e/(1 — R,/r) diverges. This suggests that the components of the
four-momentum and consequently the Stoke 4-vector will exhibit singular behavior at
the event horizon when expressed in terms of coordinate time ¢t. However, in terms of
proper time 7, the infalling observer experiences finite values.

The magnitude of the gravitational acceleration experienced by a stationary observer
at a radius r in the Schwarzschild spacetime is given by a = ﬂ\/f——ﬂaﬁ’ As r — Ry, this
acceleration diverges. The Stoke equation relates momentum and its rate of change. Near
the event horizon, the momentum of the infalling particle becomes increasingly relativis-

tic, and the rate of change of this momentum, influenced by the strong gravitational field,
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will also be significant. The precise behavior of the relativistic Stoke 4-vector requires a

detailed calculation involving the Christoffel symbols and the geodesic equation solutions.

3.2 Singularity Analysis

At the singularity (r = 0 for Schwarzschild black hole), the spacetime curvature be-
comes infinite. This is evident from curvature invariants like the Kretschmann scalar
K = Rop,s R = %, which diverges as r — 0. The relativistic Stoke equation,
formulated within the framework of general relativity, relies on a well-defined spacetime
manifold and metric. At the singularity, these concepts break down.
Near the singularity, tidal forces become infinitely strong, leading to significant geodesic
deviation. The geodesic deviation equation:
D2ge

dr2 = _Rg'yJUﬁUaf’Ya (7)

where £“ is the separation vector between two nearby geodesics, shows that the rela-
tive acceleration is proportional to the Riemann curvature tensor. As the singularity
is approached, the components of the Riemann tensor diverge, leading to infinite tidal
forces.

The affine connection Fga, which appears in the covariant derivative, also involves
terms with r in the denominator and becomes ill-defined at the singularity. The covari-
ant derivative of the four-momentum V,P* = 9, P* + ', P* will therefore also exhibit
singular behavior. Consequently, the relativistic Stoke 4-vector Stoke* = P*V,P* will
likely diverge as r — 0.

To explore the singularity further, one might consider alternative mathematical frame-
works. Non-commutative geometry proposes a fundamental level of non-commutativity
in spacetime at very small scales, potentially resolving singularities. In this context, the
definition of momentum and acceleration, and hence a Stoke-like relation, would need to

be reformulated within the non-commutative framework.

Quantum gravity theories, such as string theory and loop quantum gravity, aim to
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provide a consistent description of gravity at the quantum level, where classical general
relativity breaks down. These theories often involve modifications to the structure of
spacetime at the Planck scale, potentially resolving the singularity problem. A quantum
gravity version of the Stoke equation would require a formulation within the specific
framework of the chosen theory. For instance, in string theory, particles are replaced
by fundamental strings, and their dynamics are governed by string worldsheet actions.
Momentum and acceleration would need to be defined for these extended objects, and a
Stoke-like relationship derived from the theory’s principles. Similarly, in loop quantum
gravity, spacetime is quantized, and the concepts of momentum and acceleration would
arise from the quantum operators acting on the quantized spacetime.

Information geometry studies spaces of probability distributions as Riemannian man-
ifolds. Near the singularity, the uncertainties in physical quantities become extreme.
Information geometry might offer a way to analyze the evolution of the ”information”
encoded in the momentum and acceleration of a probe particle as it approaches the sin-
gularity, focusing on how the probability distributions of these quantities change in the

high-curvature regime.
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4 Hawking Radiation and Stoke

Hawking radiation arises from the application of quantum field theory to the curved
spacetime around black holes. Near the event horizon, vacuum fluctuations can lead to

the creation of particle-antiparticle pairs.

4.1 Particle-Antiparticle Pair Production

In quantum field theory in curved spacetime, the vacuum state is not unique and depends
on the observer’s frame of reference. Near the event horizon of a black hole, an observer at
infinity perceives a thermal flux of particles emanating from the black hole, even though
a freely falling observer crossing the horizon sees nothing special.

To formulate a Stoke operator, we need to consider the quantum operators for mo-
mentum and acceleration. In quantum mechanics, the momentum operator is given by
p = —thV in position space. In relativistic quantum field theory, the momentum oper-
ator is part of the four-momentum operator Pr = —ihd". The acceleration operator is
more complex to define directly at the quantum level.

One approach is to consider the expectation value of the classical relativistic Stoke
expression in a quantum state. Let |¥) be the quantum state describing the particle-
antiparticle pair created near the event horizon. The expectation value of the relativistic

Stoke 4-vector can be written as:
(S") = (W| PV, PH|W), (8)
where V, is the covariant derivative operator. The ordering of operators is crucial in

quantum mechanics. A symmetric form might be considered:

1

(8") = S|PV, P+ PPV, )| W), 9)

The expectation value should be calculated with respect to the quantum vacuum state

appropriate for the black hole spacetime (e.g., the Hartle-Hawking vacuum).

10
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hi_where k = is the surface

The Hawking temperature is given by Ty = Srhg 45—4M

gravity for a Schwarzschild black hole. The energy flux of Hawking radiation from a
black hole of mass M is approximately given by the Stefan-Boltzmann law for a black

body with temperature Ty and area A = 47 R? = 16w (GM/c?)*:

dE 1\* 1

A more precise formula for the power radiated by a Schwarzschild black hole is P =

hcb
15360mrG2 M2~

To connect the expectation value of the Stoke operator to the energy flux, one would
need to perform a detailed calculation within the framework of quantum field theory
in curved spacetime. This involves choosing a specific quantum state and evaluating the
expectation value of the appropriately defined Stoke operator. If a proportionality relation
(S") o 48 (where the time component relates to energy) could be established, it would

suggest a fundamental role for the Stoke concept in the energy emission process. Deriving
the Hawking temperature from (S) would be a significant achievement, potentially linking
the momentum-acceleration relationship to the thermal properties of black holes at the

quantum level.

4.2 FEnergy Loss and Black Hole Evaporation

The rate of mass loss due to Hawking radiation is given by:

dM het

= — . 11
dt 153607 G2 M? (11)

The total lifetime of a black hole due to Hawking evaporation is proportional to M3.
To investigate a connection between the Stoke operator and the rate of mass loss, one
could consider integrating the energy component of the expectation value of the Stoke
operator over a surface enclosing the black hole, for instance, a sphere at infinity. The
energy flux through this surface should correspond to the rate of energy loss, which is

related to the rate of mass loss by E = Mc2.

11
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Let’s consider the time component of the Stoke 4-vector, which is related to energy. If
we define an energy-related Stoke operator 5’0, its expectation value <SO> might be related
to the energy density or energy flux of the Hawking radiation. Integrating this over the

event horizon or a surface at infinity could potentially yield a quantity proportional to

aM
dt *

. ? dE dM
0\ 72 4 . _ 2
j((S Yd*A x 7= (12)

This would require a careful definition of the Stoke operator in the context of quantum
fields and a detailed calculation of its expectation value in the relevant vacuum state.
The black hole information paradox arises because Hawking radiation appears to be
thermal and does not carry information about the matter that formed the black hole. If
the Stoke equation could provide a way to analyze correlations in the momentum and
acceleration of the emitted particles, it might offer insights into whether subtle non-
thermal features are present in the radiation, potentially carrying the lost information.
For example, entanglement between the outgoing Hawking particles and the particles that
fell into the black hole might be encoded in the correlations of their quantum numbers,
including momentum and spin. A Stoke-based analysis of these correlations could be a

novel approach to this paradox.

12
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5 Stoke in Dark Matter and Dark Energy Research

Dark matter and dark energy constitute the majority of the universe’s mass-energy con-

tent, yet their fundamental nature remains unknown.

5.1 Dark Matter Dynamics in Galaxies

The flat rotation curves of spiral galaxies provide strong evidence for dark matter. The
orbital speed v(r) of stars at a distance r from the galactic center is expected to decrease
as v(r) o< 1/4/r if only visible matter contributes to the gravitational potential. However,
observations show that v(r) remains roughly constant at large r, implying the presence
of a dark matter halo with a mass density ppus(r) oc 1/72.

Applying the Stoke equation statistically to dark matter requires averaging over the

distribution of dark matter particles. The average Stoke was defined as:

(Stoke) = /(m(v)) : Wp(r)d:gr. (13)

The average velocity (v) in a galaxy rotation curve is primarily tangential, (v) = v(r)¢ in
cylindrical coordinates. For a flat rotation curve, v(r) = vy & constant. The acceleration
d(v) u(r)?

—ji 1s the centripetal acceleration, a = —=*7r. In cylindrical coordinates, v = v,7 +

v¢¢f + v,2. For circular motion, v, = 0,v, = 0,v4 = v(r). The acceleration is a =
(0, — rvé)f + (r0y + 27’“U¢)¢A> + Z2. For constant vy = vy and circular orbits in the plane

’U2 A
z=0,a=—2r

The classical Stoke for a single dark matter particle in a circular orbit is p - ‘Z—‘Z =
(mv) - (ma) = m2v - a = m2(vy)) - (—é?’) — 0, since ¢ - 7 = 0.

This result suggests that for individual dark matter particles in stable circular orbits
contributing to a flat rotation curve, the classical Stoke is zero. However, the statistical
average involves the density distribution and integration over the galactic volume. If we
consider the momentum dispersion, where individual particles have velocities deviating

from the average circular velocity, then the average Stoke might be non-zero. Let v =

Vo + Vpee; Where v, is the peculiar velocity. Then (v) = v, and % = —v—ff'. The

13



Stoke Theory Application in Modern Physics

average Stoke becomes:

2
)

(Stoke) = / m(ved) - (—7f’)p(r)d3r =0, (14)
still zero because ngS -7 =0.

However, if we consider the time evolution of the average velocity field, or if there
are non-circular components to the average motion, the average Stoke might be non-zero.
For instance, if the dark matter halo is not in perfect equilibrium or if there are streaming
motions. The momentum dispersion tensor o;; = (v;v;) — (v;)(v;) might be related to a
higher-order statistical measure involving Stoke.

The challenges remain in knowing the mass m of dark matter particles and the precise
form of p(r). Different models for dark matter halos (e.g., Navarro-Frenk-White profile)
provide different forms for p(r). Applying the relativistic Stoke to the average motion of
dark matter might also yield different results, especially in the inner regions of galaxies

where velocities can be significant.

5.2 Dark Energy and the Accelerating Expansion of the Uni-

verse

The accelerating expansion of the universe is described by the Friedmann equations,
derived from Einstein’s field equations assuming a homogeneous and isotropic universe.
The Friedmann equations relate the expansion rate (Hubble parameter H = a/a, where

a is the scale factor) to the energy density p and pressure p of the universe’s components:

_ 8nG kc? A_02

g2 =", 1
3 a? + 3 (15)
a 4rG 3p Ac?
2= = - 1
a 3 <p+ 02) * 3 (16)

Here, k is the curvature of the universe, and A is the cosmological constant, often asso-
ciated with dark energy.

To introduce a ”cosmological Stoke” parameter, one might hypothesize a term in the

14
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Friedmann equations that depends on some measure of the universe’s momentum and its
rate of change. This would require defining a large-scale momentum and acceleration for
the universe as a whole, which is not straightforward.

One possibility is to consider the momentum of a test fluid element in the expanding
universe. The comoving momentum is related to the peculiar velocity. The rate of
change of the scale factor @ can be thought of as related to a velocity of expansion.
The acceleration of the expansion is d@. A cosmological Stoke might be related to some
combination of a, a, a.

Consider the momentum density of a fluid with density p and velocity v: g = pv.
The rate of change of momentum density is related to forces. On cosmological scales, the
dominant force is gravity.

If we consider the total "momentum” of the observable universe to be related to its
expansion rate (e.g., P o aa) and its "acceleration” to be d, then a cosmological Stoke
might be something like Seosmo o (a@)d. Introducing a term proportional to this into
the Friedmann equations and seeing if it leads to solutions consistent with the observed
accelerating expansion would be a way to explore this idea. For example, modifying the
second Friedmann equation:

. 9 -

where « is a constant. Analyzing the solutions of this modified equation with different
forms of p and p (e.g., for matter and radiation) could reveal if such a term can mimic the
effects of dark energy or provide a different explanation for the accelerating expansion.

Another approach is to consider the equation of state of dark energy, w = ppg/ppE-
For a cosmological constant, w = —1. Some models of dark energy involve a time-varying
w. A cosmological Stoke parameter might be related to the evolution of w or the energy
density ppg over time. For instance, if S.,smo is related to the rate of change of some
property of dark energy.

However, these are highly speculative ideas. A rigorous application of the Stoke

equation to dark energy would require a more fundamental definition of momentum and

15
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acceleration on cosmological scales within the framework of general relativity. The stress-
energy tensor 7T, describes the distribution of energy and momentum in spacetime and
is the source of gravity in Einstein’s field equations. Dark energy is thought to be a
component of this tensor. A cosmological Stoke might be related to some properties of

the stress-energy tensor or its evolution.

16
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6

Challenges and Future Directions

The application of the Stoke equation to the extreme regimes of modern physics faces

significant challenges. The classical definition of Stoke needs to be carefully generalized to

relativistic and quantum contexts. Observational limitations make it difficult to directly

measure the relevant quantities for phenomena like black hole singularities and dark

matter particles. Integrating the Stoke concept into established theoretical frameworks

requires careful mathematical rigor.

Future research directions include:

Developing a full quantum field theory formulation of the Stoke operator
in curved spacetime. This would allow for a more rigorous analysis of Hawking

radiation and its connection to momentum and acceleration at the quantum level.

Exploring the relationship between the relativistic Stoke vector and fun-
damental concepts like entropy and information, especially in the context
of black holes and cosmology. Could the Stoke vector provide insights into the

flow of information or the increase of entropy in these systems?

Investigating potential modifications to the Stoke equation that might
be relevant at very high energies or in extremely strong gravitational

fields, possibly inspired by quantum gravity theories.

Designing thought experiments or identifying potential observational sig-
natures that could test the predictions of Stoke-based analyses in astro-
physical and cosmological settings. For example, looking for subtle effects in
the motion of stars near the galactic center that might be attributed to a Stoke-

related property of dark matter.

Exploring the mathematical properties of the relativistic Stoke tensor
S = PEVYP! or other related tensor constructions. This might reveal
deeper geometric or physical interpretations of the momentum-acceleration rela-

tionship in curved spacetime.

17
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¢ Using information geometry to analyze the behavior of Stoke as a statis-
tical quantity in systems with high degrees of uncertainty, such as near

black hole singularities or in the distribution of dark matter.

18
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7 Conclusion

This paper has presented an initial exploration of the Stoke equation’s potential relevance
to black hole dynamics, Hawking radiation, dark matter, and dark energy. While the clas-
sical Stoke equation provides a starting point, its extension to these complex phenomena
requires the use of relativistic and quantum frameworks.

In black hole dynamics, the relativistic Stoke 4-vector offers a way to analyze the
momentum and acceleration of infalling matter in the curved spacetime. Near the singu-
larity, the equation highlights the breakdown of classical general relativity.

In Hawking radiation, a quantum operator analogue of Stoke might provide insights
into the energy flux and potentially the information paradox.

For dark matter, a statistical averaging approach to the classical Stoke equation did
not yield a direct connection to flat rotation curves for simple circular orbits, suggesting
that more complex scenarios involving momentum dispersion or non-equilibrium states
might be needed.

In the context of dark energy, the application of the Stoke equation is highly specula-
tive and requires a fundamental definition of momentum and acceleration on cosmological
scales. Modifying the Friedmann equations with a Stoke-related term could be an avenue
for future exploration.

The challenges in applying the Stoke equation to these areas are significant, pri-
marily due to the extreme conditions involved and the limitations of current theoretical
frameworks. However, the potential for gaining new insights into these fundamental
problems warrants further investigation. Future work should focus on developing more
sophisticated theoretical tools, such as a fully relativistic and quantum-compatible Stoke
equation, and on exploring potential observational tests of its predictions. The Stoke
equation, as a measure of the relationship between momentum and its rate of change,
may yet reveal deeper connections across the diverse and enigmatic landscape of modern

physics.

19
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